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ABSTRACT 

We present a Lagrangian formulation for the free superspin-2 massive 
4D, A^=l superfield. The model is described by a dynamical real vec- 
tor superfield and an auxiliary real scalar superfield. The corresponding 

q 

multiplet contains spin-1, spin-2 and two spin- 2 propagating component 
fields on-shell. The auxiliary superfield is needed to ensure that the on- 
shell vector superfield carries only the irreducible representation of the 
Poincare supergroup with a given mass and the fixed superspin of 5. The 
bosonic sector of the component level of the model is also presented. 
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1. The problem of constructing consistent Lagrangian formulations for higher spin 
fields has attracted significant attention and interest for a long time. Formulations for 
non- super symmetric free massive and massless higher spin theories have been inves- 
tigated thoroughly and are well understood. Supersymmetric extensions of massless 
higher spin models have been developed. However, the problem of constructing su- 
persymmetric massive higher spin actions in Minkowski space is still open. In this 
letter we begin a study of such actions and present a theory that can be viewed as a 
supersymmetric extension of the free massive spin- 2 model given by Fierz and Pauli 
[!]• 

A general solution for non- supersymmetric Lagrangians of the free higher spin 
massless [2] and massive [3] field theories in Minkowski space was given over 30 
years after the pioneering work of Fierz and Pauli. Further development of massless 
theories was related to free theories in Minkowski [4] and constant curvature spaces 
[5]. Construction of interacting theories was discussed in [6] (see also the reviews 
[7]). Progress for massive theories was restricted mainly to the spin-2 field in AdS 
space [8-11], and only recently Lagrangians for arbitrary integer spin fields in constant 
curvature spaces were found [12]. 

In the supersymmetric case, the problem of writing equations of motion for mass- 
less higher spin supermultiplets in Minkowski 4D, = 1 superspace was first de- 
scribed using field strength superfields [13]. Later the problem of writing super- 
space Lagrangians, consistent with the field strength superfield equations, for massless 
higher spin fields in Minkowski space was solved using superfield methods in [13,14] 
(see also [15]). 

Furthermore, supersymmetric massless models in AdS superspace have been con- 
structed in [16] and further investigated in [17]. These last two investigations may 
prove to be precursors to an interesting recent development within the confines of 
AdS/CFT duality. It has recently been suggested by Witten [18] that the models in 
the work of [6,7] can be interpreted as holographic duals of g'^N = supersymmetric 
4D, A^ = 4 SU(A^) Yang-Mills theory as A^ ^ oo. As noted in [17], the spectrum of 
fields found in this superspace approach coincides with the components required in 
the Fradkin-Vasiliev approach [6,7]. 

As surprising as it may seem and as far as we can tell, a general massive supersym- 
metric irreducible higher spin action for 4D, A^ = 1 theory has never been presented 
in the literature. The only references of which we are aware [^ are devoted to the 
derivation of the action for the first massive state from open superstring field the- 
ory (which contains the massive superspin-^ multiplet in addition to two massive 
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scalar multiplets and hence describes a reducible representation of the Poincare su- 
pergroup). [] In this paper we carry out the detailed study of the superfield model 
corresponding to the most general = 1 supersymmetric extension of the Fierz- 
Pauli theory. We regard this as simply the first step in a long term program to 
extend the generating function techniques of [17] to cover the arbitrary spin massive 
supermultiplets in Minkowski space. A most important goal of such studies is to 
understand the possibility of uncovering a Higgs-like mechanism that connects the 
massless theories [13,14,15] to the massive ones that are the logical extension of our 
present investigation. 

It is easy to understand why constructing massive supersymmetric higher spin the- 
ories at the level of actions is more difficult than constructing massless ones. Massless 
theories possess gauge invariances which impose rigid restrictions on the form of the 
Lagrangian. This is why the form of the Lagrangian for massive arbitrary spin fields 
found in [3] looks much more complicated than that of the massless case [2]. An- 
other important difference between massive and massless higher spin theories is the 
number of auxiliary fields which are needed in order for the equations of motion to 
be compatible with irreducible representations of the Poincare group. The necessity 
of such auxiliary fields was first pointed out by Fierz and Pauli [1]. For example, in 
the case of a massive integer spin-s theory we have to consider auxiliary fields with 
all spins beginning with s — 2 and below. In the massless case, the description of an 
integer spin-s field demands only one auxiliary field with spin s — 2. Therefore, it is 
natural to expect that a supersymmetric massive higher spin theory will contain such 
auxiliary fields, and that these fields must form supermultiplets in order to preserve 
the supersymmetry. 

At first sight, the construction of supersymmetric free massive higher spin theories 
seems to be a trivial task. It is sufficient to take a suitable number of bosonic and 
fermionic Lagrangians given in [3]. However, by proceeding in this manner we can 
only expect to obtain a theory with on-shell supersymmetry. In such a theory, neither 
the auxiliary^ fields responsible for off-shell supersymmetry nor the supersymmetry 
transformations are known. Searching for these fields and discovering the supersym- 
metry tranformations becomes the main problem. Clearly the most adequate way 

^We are very grateful to N. Berkovits for directing our attention to the papers p^ . 

®A feature of massive higher spin theories is the presence of specific auxihary fields ensuring 
a Lagrangian formulation. In the supersymmetric case, we have to expect an appearance of 
the corresponding auxiliary superfields. Of course, these auxiliary superfields, allowing a La- 
grangian formulation, are "auxiliary" in a completely different sense in comparison with the 
auxiliary component fields responsible for realizing off-shell supersymmetry 
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to develop off-shell supersymmetric theories must be based on superfield methods. 
In the superfield formalism, off-shell supersymmetry and supersymmetry transforma- 
tions are built in, and the problem is only to construct the superfield Lagrangian. 

To construct a supersymmetric Lagrangian formulation for massive higher spin 
fields we begin with superfields carrying the irreducible massive representations of the 
Poincare supergroup. Such representations are described by the mass m and superspin 
Y [15]. The irreducible representation with given m and F is a multiplet containing 
irreducible representations of the conventional Poincare group with the same mass m 
and with ordinary spins {Y — 1/2, Y, Y, Y + 1/2) [15]. As a result, if we construct 
a Lagrangian formulation for a superfield with superspin Y, we automatically obtain 
the Lagrangian formulation for the above multiplet of the conventional fields together 
with all proper auxiliary fields responsible for off-shell supersymmetry. 

In this letter we construct a superfield Lagrangian corresponding to, perhaps, 
the simplest 4D, = 1 supersymmetric massive higher spin model, a free theory 

q 

for the superspin- 2 superfield. The corresponding on-shell supermultiplet contains 

q 

four particles: one particle with spin-2, two particles with spin-^ and one particle 
with spin-1. This theory can be viewed as a supersymmetric generalization of the 
Fierz-Pauli model. 

2. A convenient theory of projection operators required for obtaining irreducible 4D, 
A^ = 1 supermultiplets was developed long ago [19] and subsequently modified (see 
the details in [15]) to describe the massive case. We begin with a brief description of 
the massive irreducible superspin- 1 representation of the Poincare supergroup. Such 
a representation is realized in a linear space of the real vector A^=l superfield V^. 
This is the simplest superfield containing a spin-2 component field. To obtain the 
massive spin-2 representation this superfield Va must satisfy the on-shell conditions^ 

(□ -m'')Va = , d^Va = . (1) 

We also require that Va forms an irreducible representation in the space of superfields. 
To satisfy this requirement Va must be either chiral or linear. To be sure that we 
have a superspin-2 superfield, we will need the superspin operator C. As described 
in [15], C takes the form 

CK = 2J + (I + B)P(o) }K , (2) 

^In this equation and throughout this presentation, we use Superspace [13] conventions. In 
particular, the underUne vector index simultaneously denotes the usual Minkowski 4-vector 
index as well as a pair of undotted-dotted Weyl spinor indices. See ref. [13] for details. 
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^(0) = -^D^D^D, 



where the hnear subspace projectors P(o) and B are given by: 

1 

By acting on Va with the superspin operator we can determine the differential con- 
straints necessary to produce a superspin-^ representation. A superspin-1 represen- 
tation would be obtained if Va were chiral, since 'P(o)Va = and CVa = 1(1 + l)m''V^. 
If is a linear superfield then 'P(^o)Va = K and: 

BVc = \ d .D''D°V . + d- D'^'D^V • - 2imVc 1 , (4) 

If we set: 

= , = , (5) 

then BV^ = Va-, and CK = "^^x^ ~ "^^1(1 ^^a- Thus, we have a superspin-| 
irreducible representation. As a result we have shown, if Va satisfies (P and (||) on- 
shell, it carries out a massive superspin-| irreducible representation of the Poincare 
supergroup. 

3. Our purpose is to derive a superfield Lagrangian leading to such equations of 
motion for Va which reproduce on-shell conditions (|I]) and (^. We show that this is 
not possible, if Va is the only variable in the Lagrangian. We proceed to introduce 
the auxiliary scalar superfield V to construct a Lagrangian with the above properties. 

To begin, we consider the superfield Va as an arbitrary real superfield having no 
special properties. We demand that the Lagrangian formulation reproduce conditions 
(|l|) and solely as a consequence of the equations of motion. In this way, Va will 
form a massive superspin- 1 irreducible representation of the Poincare supergroup on- 
shell. With this in mind, we give the most general quadratic form of the superfield 
Lagrangian constructed from Va and covariant derivatives. The Lagrangian contains 
some arbitrary coefficients which are fixed by requiring that the equations of motion 
reproduce the conditions (|1[) and (||). The following identity and its complex conjugate 
will be used further 

= -^y,: + {d'-y^)^-} ■ (6) 

The most general quadratic action constructed from Va and supercovariant deriva- 
tives has the form 

= \d^z[ \a^V^D^D^DpVa + \a2V^UVa+ \a^V^dad'-V, 



+ \mV\pD^ + l3*W)Va - Im'VWa} , (7) 

where ai and (3 are arbitrary dimensionless coefficients and m denotes the mass pa- 
rameter. Any other term quadratic in Va can be shown to be some combination of the 
terms included in (|^. We further note that, although (3 is complex, the coefficients 
are all real. 

The equation of motion corresponding to the action (|^) is 

^ = ^ aiD^D^DpVa + a2ma + a^dadWk + a^[D^,D^][Dp,D.]V'- 

OVa ____ a p 

+ ^5 {[D^,D^]d,y'--[Dp,Dp]daV^) 

+m{pD^ + p*D^)Va - m'^Va = (8) 

The procedure for fixing the coefficients is as follows. First for convenience let us 
define Ea = 6S1/6V- and by acting with the various ffist order differential operators, 
0{d, D, D), on Ea, we can set the coefficients so that OEa = —rn^OVa = 0. Since 
condition implies that = it is easier ffist to attempt to set -D"K. = 0. In 
this case, O'^Ea = D^'Ea = -m^D^'Va = leads to p = and the following: 

2iai + 6ia4 + as = , 0:2 = , 80:4 — as = , 2ia4 — as = (9) 

Recalling the reality of these coefficients, we find that Eg, = —m?Va = 0, and there 
is no way to satisfy (0). Next we try to ffist set d-Va = and then D°^Va = 0. Here 
OEa is simply the divergence of the equation of motion which yields /3 = and: 

ai = — a4 , a2 — la^ + 8a4 = , as = . (10) 

Setting D"^Va = leads to a2 = and: 

ai = — 3a4 , (11) 

thus Ea = —rn^Va = again. 

We see that the conditions @j and (|) are too constraining to be produced by 
an action quadratic in Va only. We are forced to introduce an auxiliary field to set 
d^Va = 0. Since this term is a real scalar superfield it is natural to introduce a real 
scalar superfield V to cancel it. Now, we seek a Lagrangian such that the equations 
of motion imply V = If this occurs, the equation of motion of V will produce a 
differential constraint on Va. The most general action with V Va coupling terms and 
kinetic V terms is: 

S2[Va,V] = Jdh { ^mVdWa + ^mV[D",D^]Va + \5iVnV 



+ ^2 V{D^, D^}V + ^Ss mW^} . (12) 



The equation of motion for Va becomes Ea — 'jmdgV = where Ea is given by (||), 
and for V: 

^mdWa + 5iUV + 52{D'^,D'^}V + JgmV = . (13) 

Here we have set 7 = 0. This ensures that the differential constraint on Va imphed 
by (|T^ when K = is only d^Va = 0. By taking the divergence of the equation of 
motion for Va (|]), and using (0) to substitute for d-Va, we can force m?^V = 0. 
This requires that f3 and vanish once again. We also have the following constraints: 

^a62 = («i + 0:4)51 = — j^qSi , 

262 = («i + 04)63 , 61 + 16(52 + |a53 = - 27' , (14) 

where a = —202 + Sos — 1204. At this point V = 0, thus ( [T3| ) implies d-Va = 0. Now 
we want D°'Va = which requires: 02 = and ai = —804. The equation of motion 
for Va becomes, —SaiDVa — m?Va = 0. To get the correct mass shell condition in (|ip, 
we must have: a\ = — ^. All of these conditions can be solved in terms of a and 7 

52 = lia - , 53 = 3(1 - 20)7^ , (15) 



where a is either or 1, which is implied by the first relation in equation (|l^ ) since 
01 + 04 = as found above. As a result all coefficients are found and we can 
write down a final action as a sum of 5*1 [V^ (|^) and S'2[K., l^] (|12D with the above 
coefficients. This final action is: 

S[Va, V] = Jd'z{- ^V^D^D'DpVa + ^V^[D^, D^] [D^, D.^]V'- 

+ + iW-dad^Vb - ^VWa + mVdWa - aVUV 
+ 5(o-5)y{D^D2}y + |(l-2o)mVy} . (16) 

It should be noted that when o = 1, action (p!6D reproduces the exact kinetic terms 
from linearized minimal A^=l supergravity in the gauge where the chiral compensator 
is equal to unity (see e.g. [15]). 

Thus the Lagrangian (|I6|) leads to the equations of motion defining the massive 
3 

superspin-2 irreducible representation of the Poincare supergroup. We have shown 
that a real scalar auxiliary superfield ensures the existence of a Lagrangian formula- 
tion. 

It is interesting to compare the action (ffO) with a superfield action derived within 
open superstring field theory to describe the free dynamics of the fields corresponding 
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to the first massive open superstring level [Q. The action constructed in the last 
paper of ref. contains the real vector superfield Vg, (as in the action ([T6|) ) plus 
two real scalar superfields and a complex spinor superfield coupled to the field Vg, 
and among themselves. The equations of motion from this action lead not only to 
eqs. (|l|J^) defining a massive superspin-2 irreducible representation of the Poincare 
supergroup but also to the equations for two massive chiral superfields. This is not 
a surprise since the field content of the first massive level of the open superstring 

corresponds to a reducible representation of the Poincare supergroup and includes 

3 1 
the superspin-2 field together with two superspin-2 fields . The action (|TBp and the 

action given in were constructed to realize two different aims, namely describing 



the dynamics of different numbers of degrees of freedom and therefore they have 
essentially different structures. One can assume that there must exist some (rather 



nontrivial) way to make the field redefinitions in the action given in pO[ and decouple 

3 

the contribution of the pure superspin-2 multiplet (action ([16|) ) from that of the two 
superspin-^ multiplets. 

4. Let us analyze the massless limit of the action (0). To do this let us rewrite our 
lagrangian with m set to zero as 



lb ~ 48 L 



Dp. Dp 



V'- 



- i(l-a)DVL'V . (17) 



As pointed out just after eq. (|T6D, the choice a = 1 corresponds to linearized old 
minimal supergravity in the gauge a = together with a decoupled U(l) theory 
coming from the auxiliary field V . The case of a = demands a more careful 
treatment. Here the remnant action of the auxiliary superfield V is reduced to the 
action of a chiral and anti-chiral superfield. We will now show that the 
sector of both the a = and a = 1 theory describe the same massless representation 
of supersymmetry. 

Let us consider the quantity id(^a"Ei3)a, where Eg^ is the equation of motion for the 
field Va, now in the massless case. It is given by 

= '-DWd^jDy,j^ = D''W^p, , (18) 

o 

where W^^^ is the super helicity- 2 field strength of linearized old minimal supergrav- 
ity. Notice, in particular, that this quantity is independent of a. Hence both theories 
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are describing the same massless irrep of the super-Poincare group. It follows from 
this that they are dual descriptions. This duality can be made explicit off-shell using 
the following action functional 



A[Va,a,a,V] := f d'z {- ^V^D^D'DpVa + 



Dai 



+ j^V^dadtV- + U [daV^ + 3tia- a] 
which is invariant under the following gauge transformations 



Dp, Dp 



(19) 



5V„ 



DaLa 



DaLa 



6a 



6U 



12 



12 



(20) 



In these expressions o" is a chiral superfield and U is an unconstrained real superfield. 
Upon varying this action with respect to U and substituting U from the resulting 
equation of motion, we reproduce the action for old minimal supergravity. Varying, 
instead, with respect to a and a yields the on-shell constraints Z)^U = = D^U, i.e. 
U is a real linear superfield. Substituting this constraint cancels the a and a fields 
resulting in the following form for the action 



S[VaM 



Dai Da 



+ —V^dadbV'-+VdaV^ 



Dpi Dp 



(21) 



If we choose the gauge U = 0, we reproduce the m = 0, a = action (|T^ in the 
Va sector. One may note that the construction of the action functional ([191) is very 
similar to the construction of the action functional ensuring the duality between old 
minimal and new minimal linearized supergravity (see eq. (6.7.37) in [0). 

This theory is dual to linearized old minimal supergravity in the same way that 
new minimal supergravity is dual to old minimal supergravity. In fact, we can describe 
this similarity more precisely as follows. The residual gauge transformations of the 
gauge chosen above constrain the gauge parameter superfield by 



2 fa 



. 



(22) 



This equation has the solution 



= -DaK - D^C 
9 



(23) 



in terms of which we can rewrite 



5Va = [D^ ,D^]K + Aa + Aa, (24) 

with K = K and DaAb = 0. This is to be compared with the case of new minimal 
supergravity |]15[. We see that the solution presented here is the "imaginary part" 
of what is written in new minimal supergravity in the following sense: Here 6\J = 
^Im (^D^D^La^ while in new minimal supergravity we have 6\J = |Re {jD°'D'^Lo^ . 
These observations suggest that there is yet another theory of (non-linear) minimal 
supergravity. 

5. The superfield action ([l6|) is a complete solution to the problem under consider- 
ation. However it would be useful and interesting to rewrite this action in terms of 
components of the superfields Va and V and obtain a component Lagrangian. We 
now present an analyis of the bosonic sector of this Lagrangian. 

We use the following definitions for the bosonic component fields: 

V\ = x , DV| = -4^ , DV| = -0 
{D^W}V\=32r] , [D^,D^]V\ = 2Xa , 

h^ = h^ , = , UJ^= -U^ . (25) 

After integrating the action in (|TB|) over the superspace Grassmann coordinates and 
using ( p5D this action can be rewritten in component form for arbitrary a. 

- ^ahah - Im^h^ - ^A^D^Aa + i^a(9 ■ A)n{d ■ A) 

+ {m'A^UA^ + ^u^Uu^ - ^ad'-uj,_ad,uo^-^ - Im'A^ 

- ^^ahd^S^h^ + ^{a - l)d,u:'-^d'-h^ - \m{da\b)h^ 

- \a{d ■D){d-A) + iD^UAa -m^D-A- ^eabcdd^uo^aA^ 
+ mr]d-A- \mxnd ■ A + ^^d^^u'-^D^ + \m[da\)^^ 
-^D-D + mxd ■ D + lm{d ■ X)h - ^a{d ■ F){d ■ F) 

- m^F - T + m{fd ■ F + i)d -T) 

- a {2r]Ux + 2ijUi^ - \x^\ + \\^UX^ 
+ {a-\) (+4^n^ + Ar^ri + \{d- \)^) 

+ |(l-2a)m2(2r7x + 2^^ - ix^X + lA-A)} . (26) 

This action is quite deceiving. Initially, it appears to possess higher derivatives acting 
on the A- field. Secondly, the role of the antisymmetric second rank tensor ujg^ is 
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unclear. Finally, it would be instructive to show that the equations of motion for the 
fields hab and Aa are compatible with the subsidiary conditions defining the massive 
irreducible spin-2 and spin-1 representations of the Poincare group respectively. 

To clarify the situation one can consider the equations of motion for the action 



(|26|) . Then one can show that the fields Xi Vi i^i i^i ^a, Fg,, Da and d ■ A aA\ vanish 
due to the equations of motion. Additionally, the Da-field equation of motion yields 
the following constraint: 

(□ - |m2) A^ = + T^e^daUJbc ■ (27) 



The equation of motion for Ag, has the form of the d'Alembertian of equation 
Thus, the higher derivative terms are inconsequential, because the same information 



is encoded in (^TQ . Up to this point, the equations of motion for A^, Uab, h and 
hgb have not been used. The equation of motion of h, the divergence of the Xg, 
equation of motion, and the second divergence of the hg^ equation of motion imply that 
h = d-Xa = d-d-hg^ = 0. With this the equation of motion for A^, and the divergence 
of the equations of motion for hgb and Ugb imply that Xa = d-hgb = d-Ugh = 0. 

Taking into account the above equations we obtain the equation of motion for Ugb'- 
- ^eg^nd^A^ + (^^n - m^) LOgb = , (28) 
and the mass shell condition for hgb: 

(□ - m^)hgb = . (29) 



Equations (|27|) and (|28|) imply both the mass-shell condition for A-, and that oOgb is 
the dual of the field strength of A-. 

(□ -m^)A^ = , iUki = -lekiabd-A^ ■ (30) 

As a result, the field Ugb is not independent, it is expressed in terms of the field Aa. 
Thus, although the action ( p6D looks very complicated and apparently contains higher 
derivative terms, the corresponding equations of motion reduce to known equations 
for irreducible massive spin-1 and spin-2 representations of the Poincare group as 
discussed in the introduction. 

6. In summary, in this letter we have presented a new 4D, A^=l supersymmetric 
model describing the propagation of free massive spin-2, spin-3/2 and spin-1 fields. 
This model is a supersymmetric extension of the Fierz-Pauli theory. We have shown 
that the model is completely formulated in superfield terms and described by real 
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vector Va and scalar V superfields. The superfield Va is dynamical, while the superfield 
V is auxiliary. The role of V is to ensure the existence of a Lagrangian formulation of 
the model compatible with the correct subsidiary conditions defining the irreducible 
massive superspin-2 representation of the Poincare supergroup. The corresponding 
superfield action is given in explicit form ([l6|) . 

We have actually found two 4D, = 1 superfield actions that describe a massive 
spin-2 quantum. In the case where a = 1, the m ^ and V ^ limit of our massive 
action goes smoothly over to become the linearized action of old minimal superfield 
supergravity. In the other case where a = 0, the m ^ and V ^ limit leads 
to a new off-shell version of linearized superfield supergravity which does not corre- 
spond to either the old minimal, non-minimal or new minimal versions. This suggests 
that a higher spin supersymmetric Higgs-like interpretation of these versions may be 
possible. Another question we must ponder is whether there exist other massive ver- 
sions that smoothly connect to other off-shell versions of superfield supergravity. It 
would be extremely interesting to construct examples of other theories with various 
superspins, to develop a systematic theory corresponding to arbitrary superspin, to 
couple such models to external supergravity (e.g. to construct the massive higher 
spin supersymmetric models in AdS space) and investigate the possibility of finding 
massive higher spin field models with extended supersymmetry. 

Certitude is not the test of certainty. We have been cocksure of many things 
that are not so." 

- Holmes, Oliver Wendell 
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